The structural and thermodynamic properties for charge symmetric and asymmetric electrolytes as well as mixed electrolyte system inside a charged cylindrical nanopore are investigated using a partially perturbative density functional theory. The electrolytes are treated in the restricted primitive model and the internal surface of the cylindrical nanopore is considered to have a uniform charge density. The proposed theory is directly applicable to the arbitrary mixed electrolyte solution containing ions with the equal diameter and different valences. Large amount of simulation data for ion density distributions, separation factors, and exclusion coefficients are used to determine the range of validity of the partially perturbative density functional theory for monovalent and multivalent counterion systems. The proposed theory is found to be in good agreement with the simulations for both mono-and multivalent counterion systems. In contrast, the classical PoissonBoltzmann equation only provides reasonable descriptions of monovalent counterion system at low bulk density, and is qualitatively and quantitatively wrong in the prediction for the multivalent counterion systems due to its neglect of the strong interionic correlations in these systems. The proposed density functional theory has also been applied to an electrolyte absorbed into a pore that is a model of the filter of a physiological calcium channel.
I. INTRODUCTION
The structural and transport properties of electrolytes confined in charged nanopores differ greatly from their bulk behavior due to the interplay between charged wall-ion and ion-ion interactions.
1 Generally, there is an excess of counterions inside the charged nanopore while co-ions are partly excluded from the region because of the charged groups on the internal wall. This is of great interest in chemical science and plays an important role in several separation processes such as desalination of water 2 and convective electrophoresis in porous membranes. 3 Further examples include zeolites 4 and ion channels through membranes. 5 In the latter case, ion partitioning provides considerable physiological implications. So far both the Monte Carlo ͑MC͒ [6] [7] [8] [9] [10] [11] and molecular dynamics 12 simulations have been used to investigate the ion density distributions, ion partitioning, and transport of various model electrolytes in charged cylindrical nanopores. Nevertheless, the molecular simulations are usually time consuming and numerically involved. In order to understand the processes in the charged nanopore and quantitatively analyze experimental data, it is necessary to construct a statistical mechanical theory to relate the measurable quantities to the molecular properties of electrolyte solution ͑i.e., ion size and valence͒ and pore parameters ͑i.e., pore diameter and surface charge density͒.
The simplest description of ion partitioning between charged nanopore and bulk electrolyte solution is on the basis of the classical Donnan equilibrium. 13 The Donnan theory 13 greatly overestimates the rejection of electrolyte solutions and cannot explain the enrichment of electrolyte in systems with multivalent counterions. 14 A more detailed theory for the electrolyte exclusion is the so-called PoissonBoltzmann ͑PB͒ equation. 15 Although the PB equation has been successful in describing experimental results for monovalent counterion systems in the cylindrical nanopores with moderate surface charge densities, it breaks down when divalent counterions are present in the nanopore 6, 7, 9 due to its neglect of ion size and the correlations between ions. A more accurate theory is still in demand for the analysis of the membrane experimental data. Some efforts have been made to improve the description of electrolyte exclusion in the charged cylindrical nanopores. These include the modified PB ͑MPB͒ theory, 16 the hypernetted-chain/mean spherical approximation ͑HNC/ MSA͒ theory, 17 and density functional theory ͑DFT͒. 18 Beyond the PB equation, the MPB theory takes the ion size and interionic correlations into account in a potential formulation. 19 In both HNC/MSA theory and DFT, the interionic correlations are considered by the Ornstein-Zernike integral equation with the MSA. 20 Although both the MPB and HNC/MSA theories are comparable to the partially perturbative DFT in describing the structure of electric double layer, the DFT possesses several advantages. For example, a͒ Author to whom correspondence should be addressed. Electronic mail: yangxyu@mail.tsinghua.edu.cn. the DFT can be easily implemented for other interactions between ions and directly extended to multicomponent systems. When compared with the molecular simulation data, several versions of DFT were found to be accurate for the structural and thermodynamic properties of the planar, 21 spherical, 22 and cylindrical 23, 24 double layers. However, few DFTs are applied to the cylindrical nanopores with surface charge in the internal wall. Only Busath et al. 18 used DFT to investigate the ions confined in a charged cylindrical nanopore. In their study, the cylindrical nanopore was selected as a model of the calcium channel. They found that the nanopore behaves as a calcium channel filter and selectively adsorbs calcium ions in preference to sodium ions when the charged density on the pore wall corresponds to six halfcharged oxygen "ions" smeared over the surface of a cylindrical pore length of 0.75 nm. The ion density profiles of Na + , Ca 2+ , and Cl − as well as electrostatic potentials inside the cylindrical nanopore were also obtained. It is of interest to apply the partially perturbative DFT we developed previously for inhomogeneous electrolyte solutions to the cylindrical confinement.
In this paper, the partially perturbative DFT, which is based on the modified fundamental measure theory 25 for hard-core repulsion contribution and a functional Taylor expansion of the charge contribution around the uniform reference fluid, 26 is applied to investigating the ion density profiles, exclusion coefficients, and separation factors of various electrolytes inside charged cylindrical nanopores. The structure and thermodynamics are examined as a function of the surface charge density and composition for charge symmetric and asymmetric model electrolytes as well as for charge asymmetric mixture with a common ion ͑i.e., MX 2 -NX-H 2 O system͒. Although this work only concerns the electrolytes with an equal ion diameter ͑i.e., restricted primitive model͒, the approach should be applicable to the electrolytes with different ion diameters.
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II. MODEL AND THEORY
A. Model
The model used in this work is the same as in several previous studies. 6, 7, 9 The porous material is pictured as a collection of equal cylindrical nanopores with radius R, which do not interact with each other. The cylindrical nanopore shown in Fig. 1 is assumed to be very long and has a uniform charge density on its internal surface. The electrolyte in the nanopore is assumed to be in equilibrium with a bulk electrolyte of the same chemical composition. The interaction between two ions of species i and j is given by
where ij = ͑ i + j ͒ / 2, i is the ion diameter, r is the distance between two ions, z i is the valence of an ion of type i, e is the electron charge, 0 is the vacuum permittivity, and is the dielectric constant of solvent water. In this work, the restrict primitive model of electrolyte is used, i.e., i = j = . All the calculations in Figs. 1-7 were carried out at temperature T = 298 K and = 78.54.
B. Density functional theory
In a DFT, the ion density profiles i ͑r͒ inside the cylindrical nanopore are obtained by solving the Euler-Lagrange equations
͑2͒
which correspond to the minimization of the grand potential ⍀͓͕ i ͑r͖͔͒, 
where i is the chemical potential of component i, V i ext ͑r͒ is the external potential arising from the pore wall, F id and F ex represent, respectively, the ideal and excess parts of the Helmholtz energy functional. F id is given by the exact relation
where i is the de Broglie thermal wavelength, and k B is the Boltzmann constant. Without loss of generality, F ex can be decomposed as
where F hs , F cor , and F C are the excess Helmholtz energy functional contributed by hard-core repulsive, interionic correlations, and Coulombic interactions, respectively. Among the free energy functional model for the hard-sphere fluid, the modified fundamental measure theory 25 is the most accurate one and thus it is adopted in this paper.
where ⌽ hs ͓͕n ␣ ͑r͖͔͒ is the excess Helmholtz free-energy density due to hard-core repulsion. It consists of scalar ͑S͒ and vector ͑V͒ parts,
According to the modified fundamental measure theory of Yu and Wu, 25 the scalar part is given by the Boublik-MansooriCarnahan-Starling-Leland equation of state
and the vector part is expressed as
The weighted densities in Eqs. ͑8͒ and ͑9͒ are defined as 
where ␣ =0,1,2,3, V1, and V2. The weight functions, w i ͑␣͒ ͑r͒, are defined by 25, 29 
In Eqs. ͑11͒-͑13͒, ⌰͑r͒ is the Heaviside step function, and ␦͑r͒ denotes the Dirac delta function.
The Coulombic contribution to the excess Helmholtz energy functional is obtain via a mean-field approach,
where ͑r͒ is the electrostatic potential. It can be derived from Poisson equation. For ions confined in a charged cylindrical nanopore, it is given by
͑15͒
The interionic correlation contribution to the excess Helmholtz energy functional is derived from a truncated second-order functional Taylor expansion around the corresponding bulk fluid.
where ⌬ i ͑r͒ = i ͑r͒ − i b , and i b is the bulk density of ion species i. The direct correlation functions due to the interionic correlations are defined as
where ␤ =1/ k B T. If we neglect all higher-order terms ⌬C ͑n͒ ͑n Ͼ 2͒ in Eq. ͑16͒, F cor becomes
͑19͒
Once the expressions for each part of Helmholtz energy functional are known, the following Euler-Lagrange equations for the ion density profiles can be achieved from Eq. ͑1͒.
where
is the hard-cylindrical wall external potential, and i hs is the hard-sphere part of chemical potential of ion of species i. In this work, the second-order direct correlation functions are obtained from the Ornstein-Zernike integral equation with the MSA, 30 ⌬C ij
The numerical technique used to solve Eq. ͑20͒ is quite similar to our previous work. 22, 23 In order to use the theory conveniently, the explicit expression of the numerical integral of the term containing the second-order direct correlation function in Eq. ͑20͒ is given in the Appendix. A standard Picard iteration procedure is adopted and we adjust ͑R͒ by trial and error until the charge of the ions in the cylindrical nanopore is equal in magnitude by opposite in the sign to that on the internal surface of the nanopore, i.e., the electroneutrality holds inside the nanopore. The surface charge density on the internal surface of the cylindrical nanopore is obtained by
III. RESULTS AND DISCUSSION
In this section we compare the predicted results from the present DFT with those from the MC simulations [6] [7] [8] [9] and PB equation for various electrolyte solutions confined in the charged cylindrical nanopores. We considered three different ionic solutions in the nanopore, i.e., ͑i͒ 2:2 electrolyte, ͑ii͒ 2:1 electrolyte ͑divalent counterion͒, and ͑iii͒ MX 2 -NX-H 2 O system in the nanopore with negative surface charge density. For 2:2 electrolyte, the common ion diameter is = 0.425 nm. For 2:1 and mixed MX 2 -NX electrolytes, the ion diameter is = 0.42 nm. In order to test the accuracy of the present DFT predictions against the computer simulation data, all the calculations were carried out under the same conditions as in the molecular simulations.
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A. Ion concentration profiles and electrostatic potentials
We consider the structural properties of electrolyte inside the charged cylindrical nanopores. The predicted ion concentration profiles from the present DFT along with those from the MC simulations and PB equation are presented in Figs. 2 and 3 for 2:2 and 2:1 electrolytes, respectively. In the divalent counterion systems, the distributions of both co-ion and counterion predicted from the present DFT are considerably more uniform in the major part of a nanopore than those from the PB equation. As a consequence, the present DFT predicts a thinner double layer and a lower electrostatic potential than the PB equation does. As can be seen from Figs. 2 and 3, strong correlations between divalent counterions and co-ions cause the local concentration of co-ion to be higher than that from the PB equation, which results in a lower electrostatic potential. Since the present DFT includes the effect of interionic correlations, its predictions are much closer to the MC simulation values. The underestimation of the local concentration of co-ion near the wall in Figs. 2 and 3 is possibly due to the approximation of analytical direct correlation functions from the MSA. A more accurate expression of direct correlation functions, e.g., from the generalized MSA ͑GMSA͒, 31 may improve the DFT predictions. In Fig. 4 , the local concentration profiles of co-ion and counterion predicted from the present DFT are compared with those from the GCMC simulations and PB equation for MX 2 -NX-H 2 O solution confined in the charged cylindrical nanopore at the ionic strength fraction x MX = 0.9. In these cases the performance of the present DFT and PB equation is similar to that for single 2:1 or 2:2 electrolyte system with a divalent counterion. Figure 4 shows that the DFT results are much closer to the GCMC simulation data than those predicted from the PB equation, but they still need to be improved. It is obviously seen in Fig. 4 that the PB equation has limited validity for the confined mixed electrolyte solution under these conditions.
B. Separation factor
The separation factor is an important quantity to represent the equilibrium between bulk mixed electrolyte solution and the ion-exchange resin. 32 A high value of separation factor indicates that the mixed electrolytes are easily separated by an ion-exchange membrane. 33 In general, the separation factor K for the mixed system MX 2 -NX-H 2 O is defined as
where ͗c 2 ͘ p and ͗c 1 ͘ p are the average concentrations of divalent counterion M 2+ and monovalent counterion N + in a charged nanopore, respectively. Further, c 2 b and c 1 b are the concentrations of M 2+ and N + in the corresponding bulk solution, respectively.
The separation factors predicted from the present DFT are compared with those from the GCMC simulations and PB equation in Figs. 5 and 6 for MX 2 -NX-H 2 O solution in a charged cylindrical nanopore at ionic strength I = 0.1496 and 0.2965 mol dm −3 , respectively. The separation factor increases as the absolute value of the surface charge density is increased and decreases as the ionic strength fraction of the divalent counterion M 2+ is increased. Both theories correctly predict the varying trends of the separation factor with the surface charge density and ionic strength fraction of divalent counterion in the bulk solution. At low absolute value of surface charge density, the two theories predict almost the same separation factor but the separation factors from the present DFT are much closer to the GCMC simulation data than those from the PB equation at high absolute value of surface charge density ͑Q = −0.1425 C / m 2 ͒. A comparison between Figs. 5 and 6 suggests that at same surface charge density, the charged cylindrical nanopore is more selective for divalent counterion M 2+ when the total ionic strength of the bulk solution is lower. This is because, at the high ionic strength of the bulk solution, the electric double layer near the surface is thin and this makes the capillary loss the selective capacity to some extent. The separation factors predicted from the present DFT are in fair agreement with those from the GCMC simulations. This indicates that the interionic correlations are also important for the separation factor of mixed electrolyte solution inside the charged cylindrical nanopore, especially for high absolute values of surface charge density.
C. Exclusion coefficient
Due to the charge on the internal surface and the hardwall depletion effect, the co-ions are partly excluded from the charged nanopore. As a result, a rejection of electrolyte is observed. Jamnik and Vlachy 6 suggested that the exclusion coefficient should be a convenient measure of this effect for the charged nanopores. In their study, the exclusion coefficient is defined by
where c co-ion b is the concentration of co-ion in the bulk electrolyte solution, and ͗c co-ion ͘ p is the average concentration of co-ion in the charged cylindrical nanopore.
In Fig. 7 , we compare the theoretical exclusion coefficients with those from the GCMC simulations for aqueous solution of 2:1 electrolyte in the nanopores. As can be seen in Fig. 7 , both theories predict a decrease in exclusion coefficient with the increase in the concentration of co-ion in the bulk solution for 2:1 electrolyte, while the results from the present DFT are much closer to the GCMC simulation data than those from the PB equation. It is of interest to point out that the present DFT can be extended to arbitrary mixed electrolyte systems 27 where the cations and anions have different diameters using the direct correlation functions of the MSA derived by Hiroike.
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D. Selectivity of a calcium channel
In this section, we apply the present DFT to a model calcium channel described by Boda et al. 11, 35 The electrolyte in the channel consists of Na + , Ca 2+ , Cl − , and O −1/2 ions. All the ions in the channel have a same diameter = 0.25 nm. The solvent is represented by a dielectric continuum with a dielectric constant of water ͑78.5͒ at 300 K. The calculation was started with a 0.1M NaCl solution in the bulk and then incremental amounts of CaCl 2 were added to the bulk solution. Figure 8 depicts the average densities of Ca 2+ and Na ion increases while the average density of Na + ion decreases rapidly as the concentration of CaCl 2 in the bulk is increased. The average density of Ca 2+ ions in the channel exceeds that of Na + ions when the reduced bulk density of Ca 2+ ions is about 2 ϫ 10 −5 . This value is somewhat greater than the corresponding simulation value obtained by Boda et al. 35 Nevertheless, the present DFT results are still consistent with Ca 2+ ion selectivity. The selectivity is due to the fact that a Ca 2+ ion delivers twice the charge of a Na + ion while they occupy the same space and therefore it satisfies local charge neutrality more efficiently in the confined space of the filter. The present DFT results are in qualitative agreement with the simulation data in this case.
IV. CONCLUSIONS
The ion density distributions, separation factors, and exclusion coefficients of various electrolytes as well as mixed solution of MX 2 -NX-H 2 O inside a charged cylindrical nanopore have been investigated using a partially perturbative DFT. In the theory, the excess Helmholtz energy functional is constructed on the basis of the modified fundamental measure theory for the hard-core repulsion and a functional Taylor expansion of the charge contribution around the uniform reference fluid. The analytical expression of the direct correlation functions from the MSA is used as an input in the partially perturbative DFT. Large amounts of computer simulation data have been used to determine the range of validity of the partially perturbative DFT for these systems. The DFT results are compared with those from the PB equation and the comparisons suggest that the partially perturbative DFT be better than the classical PB equation under all conditions. The PB equation predicts good ion density profiles and exclusion coefficients for the monovalent counterion systems at low bulk electrolyte concentration. This conclusion is the same as drawn from the electric double layers. The shortcomings of the PB equation are clearly seen in the predicted ion density profiles, separation factors, and exclusion coefficients for the multivalent counterion systems. The PB equation is qualitatively and quantitatively wrong in the prediction for multivalent counterion systems at high bulk electrolyte concentration and high surface charge density. The significant discrepancies between the PB equation and the simulations can be interpreted as a result of neglecting interionic and steric effects in the classical theory. This is confirmed by the predictions of the partially perturbative DFT, which includes the interionic correlations in a perturbative way.
The partially perturbative DFT proposed in this work accurately predicts the ion density distributions and separation factors of various electrolyte solutions inside the charged cylindrical nanopores. The exclusion coefficients from the present DFT are in good agreement with those from the GCMC simulations for the systems studied. The present DFT can be used to predict the selectivity of a calcium channel while the results are qualitatively right.
The physical model applied in this work is the restricted primitive model of electrolyte. It neglects the molecular nature of the solvent and the effect of the dielectric boundary. But the GCMC simulation of the solvent primitive model indicates that the addition of a neutral solvent yields more structural local concentration profiles of ions and has little influence on the volume-averaged quantities. Consequently, the thermodynamic results obtained from the primitive model are confident of practical applications. In addition, the partially perturbative DFT proposed in this work can be directly extended to the arbitrary mixed electrolyte solution inside a charged cylindrical nanopore using the direct correlation functions of the MSA for ions with different sizes and valences. The integrals I 1 , I 2 , and I 3 can be integrated numerically using the Gauss method.
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